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This paper examines the transition from isotropic to anisotropic beam profiles in a linear focusing
channel. Considering a high-intensity ion beam in space-charge dominated regime and large mis-
matched RMS beam size initially, observe a fast anisotropy situation of the beam, characterized for
a transition of the transversal section round to elliptical with a coupling of transversal emittance
driven for instabilities of nonlinear space-charge forces. Space-charge interactions in high-intensity
linear accelerator can lead to equipartitioning of energy between the degrees of freedom. The
anisotropization phenomena suggest a kind of route to equipartition. In order to understand the
initial dynamical behavior of an anisotropic beam, in particular, to study possible mechanisms of
equipartition connected with phase space we have to know how we can compute the variables (vol-
ume, area of surface, and area projected) that characterize the anisotropic beam in phase space.
The beam began in a nonequilibrium state evolved toward a metaequilibrium in which the particle
orbits filled an invariant measure of phase space. We shall call this subspace of the phase space
“ ξ ”, where ξ is the ratio of oscillations energies in the x and y directions. It is well-know [38] that
an isolated difference ressonance of the form lωx −mωy = 0, where ωx is single particle frequency
along of x-direction and ωy is single particle frequency along of y-direction, lead to the motion
bounded in both directions and “ ξ ”remains unchanged. The purpose of this paper is to propose
one definiton of the anisotropic equipartition [84]. Anisotropic equipartition corresponds to a phase
space density uniform on the surface invariant of the ξ, a version of the ergodic hypothesis where
the ξ invariant play the role of the conserved energy [62]. In the state of anisotropic equipartition,
the beam temperature is stationary, the entropy grows in the cascade form, there is a coupling of
transversal emittance, the beam develops an elliptical shape with a increase in its size along one
direction and there is halo formation along one direction preferential.
PACS numbers: 41.75.-i, 41.85.Ja, 29.27.Bd, 52.59.Sa, 52.25.Kn, 45.50.Dd
I. INTRODUCTION
In space-charge dominated beams the nonlinear space-
charge forces produce a filamentation pattern, which re-
sults in a 2-component beam consisting of an inner core
and an outer halo [1, 2, 3, 4]. When this core is mis-
matched in a uniform linear focusing channel, the en-
velope oscillates and the particles, represented by single
test particles, oscillate about and through the core. This
mechanism is called particle-core model, considering a
test particles initially located outside the core. The test
particles execute betatron oscillations under the influence
of space-charge field induced by the oscillating core, and
exhibit various nonlinear behaviors including paramet-
ric resonance. In a number of numerical analyses and
macro-particle simulations, it has been revealed that the
2:1 parametric resonance between test particle oscillation
and breathing core oscillation is a main cause of halo for-
mation [5, 6, 7, 8, 9, 10, 11].
Space-charge induced coupling between different de-
grees of freedom can be responsible for emittance growth
or transfer of emittance from one phase plane to another.
The underlying instability mechanism is coherent if it
depends primarily on the electric field due to collective
motion [13, 17], in contrast with an incoherent that can
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be described as single-particle effect. In an analytical
single-particle analyses Montague [12] pointed out that
the space-charge driven fourth order difference resonance
may lead to emittance coupling. The theory of space-
charge coupling resonances has been studied most thor-
oughly by Hofmann using Vlasov equation [15]. Intrinsic
coupling resonances are an important consideration in
linacs and may also be of interest in rings when the tune
separation is small [16]. These resonances are accompa-
nied by halo formation in the receiving energy. In the
presence of internal energy anisotropic between different
degrees of freedom, initially small space-charge coupling
terms can grow exponentially due to collective instability.
The coupling resonaces driven by the beam space-charge
fields depending only on the relative emittances and av-
erage focusing strengths. In anisotropic beams, the emit-
tance and/or external focusing force strength are differ-
ent in the two transverse directions. Ikegami [21] deal
with effects of anisotropic of beam cores on halo dynam-
ics.
Most of the halo studies so far have considered round
beams with axisymmetric focusing. Some news aspects
caused by anisotropy demonstrate an influence of the
mismatch on halo size [13, 26]. The mismatch oscillations
can drive particles into a halo as a result of resonant inter-
action of these particles with the mismatch mode [6]. So
far only second order round beams have been considered
as possible mismatch modes: the influence of anisotropic
on second and higher order mismatch modes is expected
2to be an important factor in halo formation.
Previous work has been done in a nonlinear analyses of
the beam transport considering nonaxisymmetric pertur-
bations [22]. In which it is shown that large-amplitude
breathing oscillating of an initially round beam couple
nonlinearly to quadrupole-like oscillations, such that the
excess energy initially constrained to the axisymmetric
breathing oscillating is allowed to flow back and forth
between breathing and quadrupole-like oscillations. In
this case, the beam develops an elliptical shape with a in-
crease in its size along one direction as the beam is trans-
ported. This is a higly nonlinear phenomenon that occurs
for large mismatch amplitudes on the order of 100% [40].
This papers [23] deals with the coupled motion between
the two tranverse coordinates of a particles beam arising
from the space-charge forces, and, in particular, with the
effects of the beam coupling which have ratio rx/ry = 1,
rx and ry are the envelope semi-axes-rms. A beam with
nonuniform charge distribution always gives rise to cou-
pled motion. However, it is only when the ratio rx/ry = 1
and the large beam size-rms mismatched on the order of
100% [40] that the coupling can produce an observable
effect in the beam as a whole. This effect arises from
both, a beating in amplitude between the two coordinate
directions for the single-particle motion, and from the
coupling between oscillations modes beam, resulting in
growth and transfer of emittance from one phase plane
to another, in the beam develops an elliptical shape and
therefore in the transition from isotropic to anisotropic
beam profiles.
Nonlinear space-charge forces can also lead to equipar-
titioning of energy between degrees of freedom. The ques-
tion is how a system of collisionless particles coupled by
long-range space-charge forces will equipartition. [31]. In
the presence of nonlinear coupling mechanisms, the beam
can be predicted to equipatition, or reach a state where
velocity spreads in two directions are equal. In space-
charge dominated beams, Coulomb collisions are infre-
quent to account for the energy transfer, whereas space
charge waves have been shown to be a possible coupling
canditate [26, 27, 36]. Equipartitioning of anisotropic
beam involves nonlinear energy transfer and evolution
towards a metaequilibrium state, as a consequence of
resonant phase mixing [45, 60, 61]. Strictly speaking,
resonant phase mixing is a reversible process in which it
is governed by Vlasov’s equation. However, an essential
question for the accelerator designer is wheter this pro-
cess in operationally reversible. While it may be possible
in principle to compensate operationally against phase
space dilution, this compensation must be completed be-
fore any mixing has smeared a significant number of par-
ticles through global regions of phase space. It arises re-
garding any process for manipulating a beam with space-
charge [25], be this changing the beam’s tranverse ge-
ometry (round-to-elliptical or elliptical-to-round trans-
formations [22, 24]). We are working toward quantifying
the relationship between the anisotropy of the beam and
the equipartition. The equipartition of beam is driven
for anisotropics processes. It is, therefore, to develop an
improved understanding of fundamental collective stabil-
ity properties, including the case where a large temper-
ature anisotropy can drive electrostatic Harrys-type [86]
and/or eletromagnetic Weibel-type [87] instabilities, fa-
miliar in the study of electrically neutral plasmas [55].
In plasmas with strongly anisotropic distribution func-
tions, collective instabilities may develop if there is suffi-
cient coupling between the degrees of fredom. Previous
studies have mostly focused on the electrostatic Harris-
type anisotropic-driven instability for beams [56]. It has
been shown that a fast, electrostatic instability devel-
ops, and satures nonlinearly, for sufficiently temperature
anisotropic.
The term equipartition broadly refers to the er-
godic property of multi-dimensional Hamiltonian sys-
tems, which tend to distribute uniformly over the phase
space surface of constant energy. The conservation of
energy plays the fundamental role in classical equilib-
rium thermodynamics. The term “turbulent equiparti-
ton ”was introduced by Yankov [85] in order to describe
the turbulent relaxed state, in which the system assumes
a uniform distribution on the surface of constant invari-
ants respected by turbulence. In plasmas physics, the
best known example of a turbulent equipartition is the
quasilinear plateau of the distribution function caused
by the nonlinear Landau damping of plasmas waves. In
a toroidal turbulent plasma, the relevant invariants are
given by the frozen-in law (in the fluid limit) or the adia-
batic invariant and the Liouville theorem (in the collision-
less limit), both limits derivable from the more general
Poincare invariant. The plasma mixing by low-frequency
electrostatic modes in a Tokamak, subject to these con-
servative laws, results in the inhomogeneous density and
temperature profiles peaked at the center even in the ab-
sence of particles and energy fluxes, thus presenting the
underlying mechanism of the pinch effect and the pro-
files consistency in Tokamak [84, 88]. The purpose of
this paper is to propose one definiton of the anisotropic
equipartition. Anisotropic equipartition corresponds to
a phase space density uniform on the surface invariant
of the (ξ = (ryǫx)
2/(rxǫy)
2), where ξ is the ratio of en-
ergy oscillations in the x and y directions, a version of
the ergodic hypothesis where the ξ invariant play the role
of the conserved energy [62]. In the state of anisotropic
equipartition, the temperature is stationary, the entropy
grows in the cascade form, there is a coupling of transver-
sal emittance, the beam develops an elliptical shape with
a increasing in its size along one direction and there is
halo formation along one direction preferential.
This paper is organized as follow. In Sec. II the models
equations are derived. In Sec. II A we examine the tran-
sition from isotropic to anisotropic beam profiles in a lin-
ear focusing channel and the transition of the transver-
sal section from round to elliptical, with a coupling of
transversal beam emittance. In Sec. III we study possible
mechanisms of equipartition connected with phase space
and compute the variables (volume, area of surface, and
3area projected) that characterize the anisotropic beam in
phase space. Finally in Sec. IV we discuss implications
and possibles extensions of our results.
II. THE MODEL EQUATIONS
We consider an axially long unbunched beam of ions
of charge q and mass m propagating with average ax-
ial velocity βbceˆz (c is the speed of light in vacuo and
relativistic factor γb = 1/
√
1− β2b ) along an uniform lin-
ear focusing channel, self-field interactions are electro-
static. The beam is assumed to have an elliptical cross
section centered at x = 0 = y and vanishing canoni-
cal angular momentum Pθ ≡ 〈xy′ − yx′〉 = 0, where x
and y are the positions of the beam particles. We con-
sider nonuiform density beam in space-charge dominated
regime and ǫx = ǫy emittance, initially. The general
property of space-charge dominated beam behaviour is
that a beam with an initial nonlinear profile tends to be
more uniform and this process is associated with strong
emittance growth and the appearance of beam halo.
As demonstrated by Sacherer [39] and Lapostolle [40]
enevelope equations for a continuous beam are not re-
stricted to uniformly charged beams, but are equally
valid for any charge distribution with elliptical sym-
metry, provided the beam boundary and emittance
are defined by rms (root-mean-square) values. Thus,
we consider the parabolic density beam (nb =
2Nb/πrxry
[
1− x2/r2x − y2/r2x
]
) where Nb is the axial
line density, rx =
√
6〈x2〉 and ry =
√
6〈y2〉 are ellipsis
semi-axes rms. A main point is that for parabolic den-
sity distribution the fourth order space-charge potential
driving the coupling is already present in the initial dis-
tribution, hence emittance exchange and beam develops
an elliptical shape immediately.
For a parabolic density n(x, y), Poisson’s equation
∇2⊥φ = −qn/ε0, ε0 is the permittivity of free space, pro-
vides the basis for obtaining the space-charge field com-
ponent (assuming paraxial approximation). The density
is assumed to be zero outside of the ellipse.The solution
has been given by Lapostolle [41]. The electrostatic po-
tential φ is given by :
φin =
2qNb
πεo
{
x2
rx(rx + ry)
+
y2
ry(rx + ry)
− x4
[
2rx + ry
3r3x(rx + ry)
2
]
− y4
[
2ry + rx
3r3y(rx + ry)
2
]
− x2y2
[
1
rxry(rx + ry)2
]}
(1)
inside the beam and
φout =
q
4πε0
log
[
y2 + x2 + λ+
√
2y∆+ +
√
2x∆−
]
+
q
2πε0λ2
[
y2 − x2 − y√
2
∆+ +
x√
2
∆−
]
(2)
outside the beam, where λ = r2x −
r2y, Λ =
√
(x2 − y2 − λ2)2 + 4x2y2 and ∆± =√
Λ± (x2 − y2 ∓ λ2).
The transverse orbit x(s) of a beam particle satisfy the
paraxial equation of motion
x
′′
+ κ20x =
−q
mγbβ2b c
2
∂φ
∂x
(3)
with an analogous equation for orbit y(s). Here, s is the
axial coordinate of a beam, primes denote derivates with
respect to s and κ0 is represented constant focusing force.
The envelope of the beam is an elliptical cross-section
with rms radii rj (henceforth, j ranges over both x and
y) that obey the rms-KV envelope equations [52]
r
′′
j + κ
2
0rj −
2K
rx + ry
− ǫ
2
j
r3j
= 0 (4)
Here, K = q2Nb/π
2ε0γ
3
bβ
2
bmc
2 is the dimensionless per-
veance of the beam. ǫj is rms-emittance of the beam
along the j-plane.
The ǫj =
√
〈j2〉〈j′2〉 − 〈jj′〉2 can analytical been cal-
culated following a model proposed to Lapostolle et
al. [42] for nonlinear space-charge forces, and a nonlinear
analysis proposed to Pakter et al. [22] for large mismatch
beam. According to Lapostolle et al. [42] nonlinear space-
charge forces cause a change in the momentum compo-
nents, which is equal to the product of the force and the
time over which the force acts. The force depends on the
4spatial distribution of the particles, and particle coordi-
nates on which the force acts. In general, these changes
in the momentum components change the phase-space
distribution of the particles. Thus the particles experi-
ence a space-charge impulse, but do not propagate far
enough for their positions to change appreciably. For a
beam with large mismatch amplitudes, Pakter et al. [22]
has demonstrated that mismatch is like an impulse so
fast that particle’s positions not change, only momentum
suffers a discontinuous variation. Mismatched oscillato-
ries modes beam oscillate between a maximum value and
a minimum value around matched envelope with a given
periodicity. To label different mismatched oscillations, its
define a mismatch amplitude as A ≡ ψmax/ψ0 ≥ 1 where
ψmax is maximum oscillation amplitude of breathing and
quadrupole modes, and ψ0 is matched oscillation ampli-
tude. Mismatched oscillations are excess energy given to
the beam. In particular, there is a threshold mismatched
amplitude Ath above which effective energy exchange be-
tween breathing and quadrupole modes takes place [22].
From electrostatic potential and mismatch amplitudes
on the order of 100%, the tranverse momentum impulse
can be calculated. This results in a new phase-space
distribution and new rms emittance [43, 44]. For ex-
ample, in the x plane; the change in the momentum
component is △px = qExA/vb, where Ex = ∂φinx /∂x
is electric field, vb is the beam velocity. The impulse
can also be expressed as change in the divergence angle,
given non-relativistically in the paraxial aproximation by
△x′ = qExA/mbv2b . If the second moments of the parti-
cle distribution can be evaluted from the expression for
x and x
′
, the rms emittance can be obtained. Know-
ing that divergence is x
′
= x/rx + qExA/mbv
2
b , the rms
emittance for parabolic density yields [23]
ǫx =
1
90
√
15KA


(
rx
ry
)2 [
5
(
rx
ry
)2
+ 2 rxry + 5
]
(
1 + rxry
)4


1/2
(5)
the result is easily transformed to the y plane interchang-
ing rx and ry. It observes that emittance depends of
perveance beam K, mismatched amplitude of oscillato-
ries modes beam A and ratio of the beam semi-axes. The
first term corresponds to the filamention effect caused by
the fourth order term in the electrostatic potential. The
second term comes from the coupling, i.e the dependence
of the x component of the potential on the y coordinate,
which produces the spreading of the initial filamention.
The last term is a cross term between the filamention
term and the coupling term.
KV distribution has frequently been taken as a theo-
retical basis of particle-core model because space-charge
forces are linear. However, there is no doubt that real-
istic intense beams contain a fully nonlinear nature. It
may thus be reasonable to try constructing an alternate
particle-core algorithm with a nonlinear core potential
even if the model is only aproximation. From this point
of view, we introduce here a parabolic core under a sim-
plifying assumption . In this particle-core model, the core
is described by rms envelope equation (4), and the halo
particles are modeled using test particles that subject
to the external force and the time-dependent nonlinear
space-charge force associated with the parabolic core. We
assume that the parabolic-type density is roughly main-
tained even for a mismatched beam. Thus the spatial dis-
tribution is assumed to remain unchanged as the beam
propagate. The test particles do not affect the motion
of the core [46] and they are described by equation (3)
taking φin for inside beam, and φout for outside beam.
Thus the theory is not self-consistent.
A. Transition from isotropic to anisotropic beam
It is easy to verify that there is a particular solution
of the envelope equations (4) for which rj(s) = rb0 =[(
K + (K2 + 4κ20η
2)1/2
)
/2κ20
]1/2
, where η = ǫx/ǫy is ra-
tio emittance. This corresponds to the so called matched
solution for which a circular beam of radius rb0 pre-
serves its shape throughout the transport along the fo-
cusing channel. Then, we transform the equations to
a dimensionless form introducing the following dimen-
sionless variables an parameters: τ = κ0s for the inde-
pendent variable, r˜x =
√
κ0/ǫyrx and r˜y =
√
κ0/ǫyry
for envelope beam, x˜ =
√
κ0/ǫyx and y˜ =
√
κ0/ǫyy
for test-particle, and K˜ = K/ǫyκ0 for the scaled space-
charge perveance. In addition, we introduce the follow-
ing anisotropy variables: the ratio emittance η, ratio of
the envelope beam χ = rx/ry and the mismatch factor
ν = rx/rb0 = ry/rb0.
We launch the beam with K˜ = 3, κ0 = 1, ν = 2.4, A =
2.0, rj0 = νrb0, rx0 = ry0 and η = 1 initially, and inte-
grate firstly the envelope equations (4) up to s = 50.0.
The corresponding evolution of the rms-emittance (5)
is used for ǫj in Eq.(4). It is convenient to introduce
new canonical variables defined as Xs = (rx + ry)/2 and
Xa = (rx − ry)/2 to analyze oscillations modes beam.
Note that Xs are oscillations where rx(s) and ry(s) os-
cillate in phase : breathing modes. And Xa are oscilla-
tions where rx(s) and ry(s) oscillate with opposite phase
: quadrupole modes [51].
In Fig. 1 the beam develops an elliptical shape with a
increase in its size along of x-direction [23]. This effect
is caused for large beam size-rms mismatched its that
coupled the oscillations modes beam, perturbing nonlin-
ear space-charge force [48]. Therefore perturbation in-
duction coupling between different degrees of freedom
and core-core resonances [13, 36]. Real core-core reso-
nances [15] are observed for rms mismatched beam ful-
filling internal resonance conditions between the planes.
Beam size-rms mismatched is excess energy given to the
system. In general, this excess energy appear as oscil-
lation energies in the degrees of freedom of the system.
Space-charge couple some degrees of freedom causing res-
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FIG. 1: Evolution of the envelopes obtained by direct inte-
gration of the envelope equations (4) (top). rx and ry are
represented by red and blue lines, respectively. Evolution of
the oscillations modes beam (bottom). Xs and Xa are repre-
sented by red and blue lines, respectively.
onance between them. Coupling resonance leading to an
exchange of energy between the relevant degrees of free-
dom. In Fig. 1 (bottom) there is an increase of oscilla-
tion amplitude of modes featuring a resonance between
breathing and quadrupole modes. To analyse this reso-
nance we computed dimensionless frequencies of breath-
ing and quadrupole modes using Fourier analyses these
modes. The frequency associated with the breathing or
quadrupole mode corresponds to the maximum in the
Fourier transform. We used FFTW (The Fastest Fourier
Transform in the West) to compute numerically the fre-
quencies. Features this method are found on the web
page [57] and papers [58]. Breathing mode frequency
is ωXs = 2.01334 and quadrupole mode frequency is
ωXa = 2.01334. Note that both modes has the same
frequency. Therefore breathing mode and quadrupole
mode are resonance. This core-core resonance together
with single-particle resonances are making the beam to
develop an elliptical shape with a increase in its size
along of x-direction [15]. It should be noted that in the
anisotropic case (χ 6= 1 and η 6= 1) both the breathing
and quadrupole modes have quadrupolar symmetry.
The emittance evolution given by equation (5) is shown
in Fig. 2. The initial transversal emittance is equal
ǫx0 = ǫy0 = 0.22360 [23]. It is observed emittance cou-
pling caused for space charge driven nonlinear difference
single particle resonance [12, 30, 38]. This coupling is
characterized by the emittance exchange between the di-
rections. Space-charge alters the net force seen by the
individual particles in a way that is nonlinear and de-
pendent on the density distribution of the beam. Emit-
tance exchange requires resonant coupling, which can
take place only if an intrinsic resonace relationship is
fulfilled. A simplified approach would be a difference
single particle resonance condition lωx −mωy = 0 which
was suggested in Ref. [31]. ωx is single particle dimen-
sionless frequencies along of x-direction and ωy is single
particle dimensionless frequencies along of y-direction,
l and m are integer numbers. The motion is always
bounded in both directions . This emittance coupling is
a manifestation of the exchange of energy from one to the
other directions which is familiar in the linear coupling
l = m = 1. We used FFTW (The Fastest Fourier Trans-
form in the West) to compute numerically the frequencies
ωx and ωy of 2500 test particles. We launch the test par-
ticles along the x- and y-axes of beam in specified region
inside the beam (between 0.01rx and 0.7rx spaced by
0.0004rx along x-direction and between 0.01ry and 0.7ry
spaced by 0.0004ry along y-direction). These 2500 test
particles has ωx = 1.05461 and 2455 test particles has
ωy = 1.05461. Thus 2455 test particles obey resonance
condition ωx − ωy = 0. The results are presented by the
histogram in Fig. 4. This number large of test particles
in resonance cause emittance coupling. The emittance
growth is induced by nonlinear space-charge forces. ǫx
increases and ǫy decreases with increasing rx/ry but ǫy
increases and ǫx decreases with decreasing rx/ry as ob-
served in Fig. 2 (bottom). The emittance growth is larger
in the plane that has the larger semi-axes length. That
the emittance growth increases as the semiaxes length
increases may seem surprising for an effect that arises
from space-charge force, which increases as the beam
size becomes smaller, rather than larger and vice versa.
(ǫx + ǫy)/2 shows a much smoother but similarly pro-
nounced anisotropic variable χ response.
An important effect of space charge is the tendency to
induce waves the beam, a collective effect. These waves
are characterized by the plasma frequency, which in turn
relates to the perveance K defined as the ratio of the
average space charge force to the external focusing force
at the beam edge. The effect these waves is observed in
the asymtotic evolution of the envelope and emittance
shown in Fig. 3. The exponential growth of the envelope
and the emittance exchange is characteristic by insta-
bility tilting mode of a space-charge-dominated regime
beam [14, 15]. Space-charge in connection with nonlin-
ear dynamics lead to this phenomenon. The parabolic
distribution is characterized by the appearence of the
tilting mode that emittances are periodically exchanged
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FIG. 2: Evolution of the emittance (top) obtained of the
equation (5). ǫx and ǫy are represented by red and blue
lines, respectively. Emittance and sum transversal emittance
(bottom) as a function of the ratio of the envelope beam
χ = rx/ry. ǫx, ǫy and (ǫx+ ǫy)/2 versus χ are represented by
red, blue and gray lines, respectively.
between x and y, similar to a second order difference res-
onance driven by skew quadrupoles. We note that this
second order difference resonance is entirely absent, if the
initial emittances are chosen equal. This tilting insta-
bility between x and y obviously requires a sufficiently
anisotropy. Note that according to [22] the symmetric
perturbation only excites the breathing mode, whereas
the antisymmetric perturbation excites the quadrupole
mode only. With anisotropy this is not the case and we
find mixing of breathing and quadrupole modes. In our
model both modes are resonance. Space-charge induces a
coherent shift of the resonance conditions lωx±mωy = 0,
since the full ensemble of particles respond to the reso-
nance in a coherent way. For such a coherently oscillat-
ing beam along an uniform linear focusing channel the
resonance condition is lωx ± mωy + ∆ω = 0 [19]. For
the tilting mode we expect different shifts for the cases
ωx+ωy+∆ω = 0 (sum resonance) and ωx−ωy+∆ω = 0
(difference resonance) [20]. ∆ω is the coherent shift away
from the single particle resonance condition caused by
the coherent motion of all, or a large fraction of particles
of beam. It makes the majority of 2500 test particles
launched along the x- and y-axes inside of the beam to
be resonance as shown by the histogram in Fig. 4. In our
model the driving term for this difference resonance is not
a skew quadrupole as in synchrotrons, but the internal
space-charge force caused by the exponentially growing
tilting of the beam cross section. There is a strong de-
pendence of the difference resonance on the emittance
ratio. In cases where the difference ressonance is crossed
for unequal emittance we expect an asymmetric behavior
of beam.
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FIG. 3: Asymtotic evolution of the envelopes (top) and emit-
tance (bottom) obtained of the equations (4) and (5), respec-
tively. rx (top), ǫx (bottom) and ry (top) ǫy (bottom) are
represented by red and blue lines, respectively.
Nonlinear resonances eventually yield rms emittance
growth as more and more particles to be launched out of
core. Therefore, the halo is not caused by a collective ef-
fect involving all core particles but is caused by resonant
interaction of some particles with the mismatch modes.
Assuming which beam is usually equipartitioned in x and
y (ξ = (ryǫx)
2/(rxǫy)
2), where ξ is the ratio of oscilla-
tions energies in the x and y directions [37], but it has
large beam size-rms mismatched, the resonances enable
“excess” energy transfer from one plane to another [13].
7We show that the exchange is accompanied by halo cre-
ation along one direction preferential.
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FIG. 4: Histogram of the dimensionless frequencies ωx and ωy
of 2500 test particles. We launch the test particles along the
x- and y-axes of beam in specified region inside the beam (be-
tween 0.01rx and 0.7rx spaced by 0.0004rx along x-direction
and between 0.01ry and 0.7ry spaced by 0.0004ry along y-
direction). These 2500 test particles has ωx = 1.05461 and
2455 test particles has ωy = 1.05461 and 45 test particles has
ωy = 1.00667. We used FFTW (The Fastest Fourier Trans-
form in theWest) [58] to compute numerically the frequencies.
To analyse the resonances we computed dimensionless
frequencies of breathing and quadrupole modes and the
dimensionless frequencies ωx and ωy of 2500 test particles
launched along the x- and y-axes inside of the beam using
Fourier analyses. We used FFTW (The Fastest Fourier
Transform in the West) to compute numerically the fre-
quencies. Breathing mode frequency is ωXs = 2.01334
and quadrupole mode frequency is ωXa = 2.01334. Note
that both modes has the same frequency. Therefore
breathing mode and quadrupole mode are resonance
(1 : 1). 2500 test particles has ωx = 1.05461 and 2455
test particles has ωy = 1.05461. Thus 2455 test parti-
cles obey resonance condition ωx − ωy = 0, and 45 test
particles has ωy = 1.00667 as shown by the histogram
in Fig. 4. The system is dominated by the ressonance
ωx − ωy = 0, which creates a barrier between the region
inside the beam and the region outside the beam [49].
The space-charge coupling force is responsible for the
energy transfer from the core oscillations to the single
particle oscillations. The dominant 1th order ressonance
at ωx/ωy = 1 yields significant emittance exchange [47].
The particle-core (2:1) resonances are present in both
quadrupole mode and breathing mode of core oscillation,
but only in y-direction of test particle [21]. Thus, halo is
formed along y-direction as illustrated in the Fig. 5 [23].
The key to interpreting anisotropic halo growth due to
the (2 : 1) is the dependence of space-charge force, which
increases as the beam size becomes smaller. The para-
metric (2 : 1) resonance halo, modified by driving term
for the difference resonance that is the internal space-
charge force caused by the exponentially growing tilting
of the beam cross section, remains the dominat mecha-
nism to explain halo formation along one direction pref-
erential.
For large beam size-rms mismatched and initial ra-
tio envelopes beam χ = 1, the ratio of oscillations
energies in the x and y directions remaines constant,
ξ = 1 [32]. As illustrated in the Fig. 6 beam fast suf-
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FIG. 5: Evolution of the dynamical test particle. x = 0.5rx
and y = 0.5ry , initial.The orbits x and y of test particle are
represented by black and pink lines, respectively. The beam
envelopes, rx and ry are represented by red and blue lines,
respectively.
fers anisotropization characterized for discontinuous vari-
ations in χ and η [23, 56]. The anisotropy leading to
coupling resonance [17, 18] in the presence of nonlinear
space-charge forces was suggested as a possible approach
to the equipartitioning question [26, 27, 31, 36], since
collisions cannot be made responsible for energy transfer
in linacs. The underlying mechanism is collective oscilla-
tions of the space-charge density that creates nonlinear
forces similar to those magnetic sextupoles and leads to
the resonat coupling [27, 29, 60].
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FIG. 6: The ratio of oscillations energies ξ and anisotropic
ratios, χ and η in beam propagation. ξ is represented by red
line, and χ and η are overlapping represented by blue line.
Statistical theories of chaotic systems are generally
based on Liouville’s theorem and the assumption of
equipartition, subject to the constraints given by invari-
ants of the system. If the only invariants of the system
are the total energy and the total number of particles, the
8assumption of equipartition leads to the theory of statisti-
cal mechanics at thermal equilibrium. The temperature
is then uniform. In turbulence, the energy is not con-
served, since there is an external energy source, but there
may be other invariants that survice the turbulence. The
random flutuations then drive the system toward turbu-
lent equipartition (TEP) on the hypersurface in phase
space that is defined by these invariants [85]. Previous
examples of TEP in plasmas physics were considered by
Yankov [84] and Isichenko et al. [88]. Turbulent equipar-
tition corresponds to a phase space density uniform on
the surfaces of the two constant adiabatic invariants, a
version of the ergodic hypothesis where adiabatics invari-
ants play the role of the no longer conserved energy. The
applicability of the statistical mechanics to self-consistent
plasma turbulence is not clear, but some predictions of
this approach are in a qualitative agreement with exper-
iments [84]. In the state of turbulent equipartition, the
plasma density and temperature are inhomogeneous, and
there are no particle or energy fluxes. Such a state is usu-
ally marginally stable to the modes potentially responsi-
ble for driving the plasma to this state. We believe that
the problem of anisotropic equipartition in linac should
be solved in the same spirit.
III. ANISOTROPIC KINETIC AND DYNAMIC
PROCESSES IN EQUIPARTITIONED BEAMS
In order to understand the initial dynamical behavior
of an anisotropic beams, in particular, to study possi-
ble mechanisms of equipartition connected with phase
space we have to know how we can compute the vari-
ables (volume, area of surface, and area projected) that
characterize the anisotropic beam in phase space. The
equipartition is generally based on the assumption that
system is ergodic. If the dynamics is chaotic in some
subspaces of the phase space, the system can be consid-
ered as ergodic in these subspaces. The beam began in a
nonequilibrium state evolved toward a metaequilibrium
in which the particle orbits filled an invariant measure of
phase space. The transient dynamics reflected an intri-
cated network of space-charge modes. We shall call this
subspace of the phase space “ ξ ”, where ξ is the ratio of
oscillations energies in the x and y directions. Unlike the
thermodynamic equipartition energy in conservative sys-
tems, anisotropic equipartitions describe strongly non-
equilibrium systems such as high-intensity ions beam in
space-charge dominated regime with large mismatched
beam size-rms initial. Anisotropic equipartition corre-
sponds to a phase space density uniform on the surface
invariant of the (ξ = (ryǫx)
2/(rxǫy)
2), a version of the er-
godic hypothesis where the ξ invariant play the role of the
conserved energy [62]. In the state of anisotropic equipar-
tition, the Lyapunov function [93] and temperature are
stationaries, the entropy grows in the cascade form, there
is a coupling of transversal emittance, the beam develops
an elliptical shape with a increase in its size along one
direction and there is halo formation along one direction
preferential. Such a state is usually marginally stable.
Emittance is the area in phase space occupied by the
particles of the beam. The maximum emittance of a
beam that a system can accept is called the acceptance
of the system “ a ” [90, 91, 92]. Then the acceptance is
defined as the maximum phase space area where particles
can survive in the accelerator. It can be determined by
dynamical effects associated to space-charge forces. In
a linear accelerator with nonlinearities, the transversals
motions are coupled. The particles move on the distorced
surface in four-dimensional transverse phase space, the
so-called “hyper-egg”. We can talk only about the pro-
jections of this hyper-egg onto the two transverse phase
planes ax(x, x
′
) and ay(y, y
′
). These projections are no
longer clean curves but bands. It is well-know fact that in
presence of space-charge the beam phase space structure
gets quite complicated and is divided to areas of stable
and unstable motion.
Qualitatively, emittance can be thought of as the tem-
perature of the beam, a measure of the random disor-
der in the transverse momenta of the constituent parti-
cles. Quantitatively, transverse emittance is defined by
drawing a contour around a given percentage of particles
in phase space and gives us a numerical figure of merit
for describing the quality of the beam. As the beam is
focused or defocused, the convergence or divergence of
the beam envelope yields a correlation between particle
position and angle of motion; if, however, we focus the
beam to a waist, the correlation between particle posi-
tion and transverse momentum is minimized. We de-
fine the RMS acceptance as the maximum square root of
the aj =
√
〈j2〉〈j′2〉 − 〈jj′〉2 (henceforth, j ranges over
both x and y, where x and y are the positions of the
beam particles). The second moment term 〈jj′〉2 repre-
sents a correlation between j and j
′
that exists when the
beam envelope is converging or diverging; qualitatively,
it can be thought of as a measure of inward or outward
flow of transverse kinetic energy. At a waist, this cor-
relation is minimized and the second moment term is
zero [53]. Thus, the acceptance reduces to maximum of
the a˜j =
√
〈j2〉〈j′2〉. It is a very important for one to
know how much of the phase space is stable. With the
help of the Lyapunov functions we can construct an in-
variant beam area. This function is dependent of the
equipartition ξ, of the anisotropy variable η, ratio of the
average external focusing force to the space-charge force
α and space-charge strength ρ.
It is intuitively clear that if the total energy of a phys-
ical system has a local minimum at a certain equilib-
rium point, then that point is stable. This idea was
generalized by Lyapunov [93] into a simple but power-
ful method for studying stability problems in a broader
context. Lyapunov functions are functions which can be
used to prove the stability of a certain fixed point in a dy-
namical system or autonomous differential equation. For
dynamical systems (e.g. physical systems), conservation
laws can often be used to construct a Lyapunov func-
9tion. A certain subclass of dynamical systems, namely
potential or gradient system are of particular interest be-
cause their behaviour is simpler than the general case,
and because they are frequently encountered in approx-
imate treatments of physical systems. For a gradient
system, dx(t)dt = f(x), takes the form
dx(t)
dt = − dL(x)dx ,
where L(x) is a function of the variable x. More gener-
ally, a system with an equilibrium x0 is said to have a
Lyapunov function L for this equilibrium if this function
satisfies the conditions L(x0) = 0,
dL(x)
dt ≤ 0 for x 6= x0
and L is a smooth function of x in some neighborhood of
x0 [54]. A gradient system, satisfying
dx(t)
dt = − dL(x)dx has
global Lyapunov function if L is bounded. For gradient
system the dynamic consists of relaxation toward mini-
mum in L. This means that such functions are strictly
only defined when corresponding equilibriums are fixed
points. Finding a Lyapunov function for a certain equi-
librium might be a matter of luck. Trial and error is the
method to apply, when testing Lyapunov functions on
some equilibrium.
Next, we will apply Lyapunov’s method above to the
acceptance dynamics [94]. To this end, we will replace
the aforementioned quantities x(t) and L(x) by the a˜j(s)
acceptance, and L(a˜j) Lyapunov function of the accep-
tance. A definition of a Lyapunov function would be :
L = α
(
1−
√
1/ξ
) a˜2x
2rx
− ρ (1 + 1/η) a˜
2
x
2
(6)
− α
(√
ξ − 1
) a˜2y
2ry
− ρ (1 + η) a˜
2
y
2
where a˜j (henceforth, j ranges over both x and y, where
x and y are the positions of the beam particles) is accep-
tance in the absence of directional correlations between
j and j
′
, primes denote derivates with respect to s. This
function is dependent of the beam envelope rj , of the
equipartition ξ, of the anisotropy variable η, ratio of the
average external focusing force to the space-charge force
α and space-charge strength ρ. To a˜x0 = 0 and a˜y0 = 0,
L satisfies the condition L(a˜x0, a˜y0) = 0. It can be in-
terpreted as the equation of a surface that resembles a
paraboloid opening downward and tangent to the axay
plane at the origin. L can be considered as a “free en-
ergy ” [94]. To the issue
dL(a˜j)
ds ≤ 0 mentioned above the
evolution of the L(a˜j) Lyapunov function represented by
blue line (top graphic) in the Fig. 9 can be regarded as
a proof. As the Lyapunov function (6) satisfies the con-
ditions L(a˜j0) = 0 and
dL(a˜j)
ds ≤ 0 we can apply equation
da˜j(s)
ds = −
dL(a˜j)
da˜j
obtaining the following acceptance dy-
namics equations:
da˜x
ds
= −α
(
1−
√
1/ξ
) a˜x
rx
+ ρ (1 + 1/η) a˜x (7)
da˜y
ds
= α
(√
ξ − 1
) a˜y
ry
+ ρ (1 + η) a˜y (8)
where s is the axial coordinate of a beam. Equations (7)
and (8) express the acceptance dynamics in term of
the beam envelope rj , of the equipartition ξ, of the
anisotropy variable η, ratio of the average external fo-
cusing force to the space-charge force α and space-charge
strength ρ. We derive equations for acceptance change
in each plane for continuous elliptical beam within a con-
stant focusing channel without correlation between par-
ticle position and transverse momentum. The equation
will apply to beams within a conducting pipe whose ra-
dius is much larger than the beam size. The resulting
acceptance equations contain two terms: the first term
describe acceptance changes associated with transfer of
energy between the two planes; the second describes ac-
ceptance changes associated with anisotropic processes.
The anisotropy leads to coupling resonance [17, 18, 36]
in the presence of nonlinear space-charge forces. Space-
charge couple some degrees of freedom causing resonance
between them. Coupling resonance leading to an ex-
change of energy between the degrees of freedom.
The general solutions to the equations (7) and (8) are
given by:
a˜x = c1e
R h
α
rx
“√
1/ξ−1
”
+ρ(1+1/η)
i
ds
, (9)
a˜y = c2e
R h
α
ry
(
√
ξ−1)+ρ(1+η)
i
ds
(10)
where c1 and c2 are arbitrary constants determined by
initial values of the solutions (9) and (10), respectively.
The oscillations beam envelope perturb nonlinear
space-charge force yields a correlation between parti-
cle position and transverse momentum. As the beam
compresses and expands the particles gaining and losing
kinetic energy. Thus, the second moment term 〈jj′〉2
is not zero and the RMS acceptance becomes aj =√
〈j2〉〈j′2〉 − 〈jj′〉2. Therefore the equipartition and the
variable anisotropy are given by ξ = (ryax)
2/(rxay)
2 and
η = ax/ay, respectively. Thus the equations (7) and (8)
are transformed by :
dax
ds
=
(−α
rx
+ ρ
)
ax +
(
α
ry
+ ρ
)
ay, (11)
day
ds
=
(
α
rx
+ ρ
)
ax +
(−α
ry
+ ρ
)
ay (12)
where the terms ax/rx and ay/ry model the equiparti-
toning and the term ax+ ay covers residual growth from
nonlinear resonance [38]. Jameson has derived identical
equations [32, 33, 34] to the question of equipartioning
in linear accelerator.
To solve the equations (11) and (12) we add (11)
and (12) and then we solve for ax + ay = c3e
(2ρs). Then
it is easiest to substract (12) from (11) and substitute
for ax = −ay+ c3e(2ρs) to obtain the general solutions to
the equations (11) and (12) given by:
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ax = c3e
2ρs −

c3
∫ 
(
e
2ρs+α
R “− 1
χry
+ χ
rx
”
ds
)
(α+ ρrx)
rx

 ds+ c4


{
e
α
R “
1
χry
− χ
rx
”
ds
}
, (13)
ay =

c3
∫ 
(
e
2ρs+α
R “− 1
χry
+ χ
rx
”
ds
)
(α+ ρrx)
rx

 ds+ c4


{
e
α
R “
1
χry
− χ
rx
”
ds
}
(14)
where c3 and c4 are arbitrary constants determined by
initial values of the solutions (13) and (14), respectively.
aj is dependent of the beam envelope dynamic rj , of
the anisotropy variable variations χ = rx/ry and space-
charge effects, α and ρ.
To analise the effect of coupling between the two trans-
verse phase planes without (a˜x(x, x
′
) and a˜y(y, y
′
)), and
with (ax(x, x
′
) and ay(y, y
′
)) correlation between parti-
cle position and transverse momentum (the second mo-
ment term 〈jj′〉2 = 0 and 〈jj′〉2 6= 0, respectively) we
solve the integrals in (9) and (10), (13) and (14) to ob-
tain the acceptance evolution without and with correla-
tion, respectively. We launch the beam with α = 0.00001
and ρ = 0.25 in space-charge dominated regime, mean-
ing that the collective oscillations dominate over the in-
dividual particles betatron motion. c1 = 0.22360 and
c2 = 0.22360, c3 = 0.44721 and c4 = 0.22360 are de-
termined by initial values a˜x0 = a˜y0 = 0.22360, and
ax0 = ay0 = 0.22360 of the solutions (9) and (10),
and (13) and (14), respectively. We solve the integrals
in (9) and (10), (13) and (14) up to s = 50.0. The cor-
responding evolution of the rms-emittance (5) and the
rms-envelope (4) are used.
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FIG. 7: Evolution of the beam acceptance without (a˜x and
a˜y), and with (ax and ay) correlation between particle posi-
tion and transverse momentum. a˜x and a˜y are represented by
pink and black lines, respectively. ax and ay are represented
by red and blue lines, respectively.
The acceptance evolutions without and with correla-
tion between particle position and transverse momen-
tum given by equation (9) and (10), (13) and (14), re-
spectively are shown in Fig. 7. The area in x − x′ and
y−y′ trace spaces defined by a˜x (pink lines) and a˜y (black
lines), respectively, remain constant with very small os-
cillations because a˜x and a˜y are beam area projections
derived from Lyapunov functions (6). Also, if a energy-
balanced beam is injected, the distribution will move to-
ward equipartition, in which the beam assumes a uniform
distribution on the surface of a˜x and a˜y [84]. However, it
is observed transverse phase planes coupling in x−x′ and
y− y′ trace spaces defined by ax (red lines) and ay (blue
lines) caused for space charge driven core-core resonance
together with single-particle resonances [12, 30, 38].This
coupling is characterized by the energy exchange be-
tween the directions. Energy/acceptance exchange re-
quires resonant coupling, which can take place only if
an intrinsic resonance relationship is fulfilled. A signifi-
cant number of particles are trapped inside a resonance
island [49, 50] as shown in Fig 4. They are characteriz-
ing the formation of a metastable state of the particles
beam [84, 95]. Geometrical methods can be used to an-
alyze this state [35, 96]. By definition of acceptance we
observe the similarity with the evolution of emittance (ǫx
and ǫy) shown in Fig. 2.
In the process of acceptance transfer, strong correla-
tions between particle position and transverse momen-
tum are naturally developed. The acceptance oscillations
are now driven by variations of the space-charge force due
to the beam compresses and expands. The rapid acep-
tance oscillations are due to coherent transverse plasma
oscillations in the beam and are a manifestation of peri-
odic energy exchange between potential and kinetic en-
ergies. The acceptance growth results from nonlineari-
ties in the particles oscillations about their equilibrium.
Excess energy is required for driving the nonlinearities,
which stems from the energy anisotropy between differ-
ent degrees of freedom. Acceptance grows in a plane
that receives energy, and decreases in a plane that loses
energy. The acceptance ax growth increased, and the ac-
ceptance ay growth decreased and vice-versa during the
propagation of the beam. Such transfers between x− x′
and y − y′ are commonly observed if the initial accep-
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tance differ. This indicates that ratios acceptance are
important variables. In order to expedite an acceptance
flow from one direction to another, the two directions
have to be on coupling resonance. Typically, we employ
difference resonance: lωx −mωy = 0 where ωx is single
particle frequencies along of x-direction and ωy is single
particle frequencies along of y-direction, l andm are inte-
ger numbers. In our case l = m = 1 and number large of
particles obey resonance condition ωx−ωy = 0 as shown
in Fig. 4. Acceptances only start to flow from a “hot ”to
a “cold ”degree of freedom. This suggests the develop-
ment of correlation among the degrees of freedom during
the acceptance exchanging process.
Energy/acceptance flow is due to the correlation jj
′
between the velocity and the position of the particle in
regions where the beam size contracts or expands. The
term 〈jj′〉2 represents an inward or outward flow term
in the transverse kinetic energy. The physical interpreta-
tion is that the rms kinetic enrgy of the particle distribu-
tion consists of a thermal component and a flow compo-
nent [53]. Transfer of kinetic energy from one coordinate
direction to another results in partial or complete kinetic
energy equipartitioning. While superficially similar to
equipartitioning of energy in a gas, this transfer does not
result from individual particle collisions but, presumably,
from interactions between the individual particles and
collective fields. Hofmann has show that coherent-mode
instabilities can lead to kinetic-energy exchange [17].
In subsequent analysis, the ratio ax/ay is varied to ex-
plore different degrees of anisotropy and energy flow. The
rate of exchange can be predicted with certainty analyt-
ically. To obtain the relation between a˜x and a˜y, and ax
and ay, respectively, which will give the acceptance flow
from one direction to another, elimanate s by dividing (7)
by (8), and (11) by (12), respectively. The equations for
the acceptance flow are:
da˜x
da˜y
=
[
−α
“
1−
√
1/ξ
”
+ρ(1+1/η)rx
rx
]
a˜x[
α(
√
ξ−1)+ρ(1+η)ry
ry
]
a˜y
, (15)
dax
day
=
(−α+ ρrx) ryax + (α+ ρry) rxay
(α+ ρrx) ryax + (−α+ ρry) rxay (16)
The equations (15) and (16) are separable variables.
The general solutions are :
Fa˜y/a˜x = η ln (ax)− ln (ay) , (17)
Fay/ax =
b1 ln
(
b3Θ
2 + b4Θ+ b5
)
2b3
+
(
2b2 − b1b4b3√
4b5b3 − b24
)
arctan
(
2b3Θ+ b4√
4b5b3 − b24
)
− ln (ax) (18)
where η = ǫx/ǫy, Θ = ax/ay, b1 = −ry (ρrx + α),
b2 = rx (ρry − α), b3 = ry (ρrx + α), b4 = α (rx − ry),
b5 = rx (ρry + α). rx, ry is the beam envelope, α is the
ratio of the average external focusing force to the space-
charge force and ρ is the space-charge strength. Fa˜y/a˜x
is the acceptance flow without correlation and Fay/ax is
the acceptance flow with correlation.
The necessary conditions for efficient heat transfer be-
tween transverse degrees of freedom are formulated. As
discussed, 〈jj′〉2 represents an inward or outward flow
term in the tranverse kinetic energy. The tranverse ki-
netic energy consists of a thermal component and a flow
component. The latter is due to the correlation between
the velocity and the position of the particle in regions
where the beam size contracts or expands. Flow com-
ponent is then directly related to heat transfers between
different degrees of freedom within the beam. The dif-
ference between the acceptance flow with correlation and
the acceptance flow without correlation is the flow com-
ponent defined by Fjj′ = Fay/ax−Fa˜y/a˜x . The flow com-
ponent evolution Fjj′ is shown in Fig. 8. It is affected
by a swift variation similar discontinuous variations in χ
and η in Fig 6. The amplitude oscillations grow during
the propagation of the beam. When the beam radius ex-
pands, the flow component has an outward direction and
the thermal component decreases, when the beam radius
contracts, the flow component is inward and the thermal
component increases. The propagation of the beam is
thus characterized by a variation in the envelope beam
which correlates with the generation of the heat flow and
a variation of the beam temperature. As usual in sta-
tistical physics, we relate the temperature of a particle
ensemble to its random motion. Charged particle beams
change their size while passing through an ion optical
system. The tranverse kinetic energy 〈p2j 〉/2m contains
a flow component if 〈jj′〉 6= 0. Therefore, the flow com-
ponent of the kinetic energy must be subtracted from
transverse kinetic energy in order to obtain its thermal
component. The “non-equilibrium temperature ” Tj is
defined as the thermal component of the transverse ki-
netic energy of the j-th degree of freedom.
The elementary mechanism responsible for the transfer
of heat from one degree of freedom to another is consti-
tuted by the effect of interactions between the individual
particles and waves of collective fields [59]. The trans-
fer of heat arises from the scattering of a particles and
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FIG. 8: Evolution of the flow component Fjj′ obtained of
the difference between equation (18) and the equation (17),
Fjj′ = Fay/ax − Fa˜y/a˜x up to s = 50.0.
waves by a mean-background of waves of collective fields
in thermal equilibrium via resonant interactions [74, 75].
We demonstrate that resonant interactions of the parti-
cles beams provide a mechanism for effective energy ex-
changes among different degree of freedom. The issue of
reaching thermal equilibrium is to imagine a heat bath,
which is in thermal contact with the beam. In this case,
the particles of the beam can exchange energy through
the thermal bath. Chavanis [64] uses a kinetic theory to
describe the relaxation of a test particle in a thermal bath
of field particles. The relaxation of the system is due to a
condition of resonance and it may happen that the relax-
ation stops because there is no resonance anymore.It has
been shown that all heat transfers within the beam feed-
ing thermal energy from one degree of freedom to another
are always associated with an increase of beam entropy
and thus always lead to an irreversible degradation of
beam quality. Since the particle distribution of a beam
is confined by focusing potentials and the individual par-
ticles are performing oscillations, there is a continuous
exchange between potential energy and kinetic energy so
that displacements in position due to random processes
translate into velocity changes and vice-versa. The ba-
sic idea is that a continuous exchange between potential
energy and kinetic energy can trigger chaos via a para-
metric resonance [4, 60].
A priori there need be no direct connection between
increases in chaos and exchange of energies. However,
one would expect resonant couplings to lead significant
changes in energies. A correlation between changes in
energy and the amount of chaos thus corroborates the
interpretation that this chaos is resonant in origin. This
transient chaos can drive chaotic phase mixing, which,
in the context of a fully self-consistent evolution, might
be expected to play an important role in violent relax-
ation [66, 67, 68]. After the energy redistributes among
all the modes to achieve “thermal”equilibration [65]. Re-
cent simulations [28] have shown that fully self-consistent
simulations of beams can exhibit evidence of chaotic
phase mixing.
To characterize the “thermal ”equilibrium we analyze
the dynamics of the Lyapunov function (6), and of the
temperature and entropy of the beam. The “temperature
”Tj of the j-th degree of freedom of a charged particle
beam can be expressed in terms of second order beam
moments Tj =
ma2j
kbr2j
, where m is the mass ions beam
and kb is the Boltzmann’s constant [69, 70]. This for-
mula shows that envelope rj and acceptance aj variations
cause temperature variations. For a system with “non-
equilibrium temperatures ”that is oscillating anisotrop-
icly around Teq, the equilibrium temperature can there-
fore be aproximated by the arithmetric average of the Tj
:
Teq =
m
2kb
(
a2x
r2x
+
a2y
r2y
)
(19)
With the equilibrium temperature Teq for the 2-D
beam model, the entropy change near thermodynamic
equilibrium due to a temperature balancing process may
then be written as
dS
ds
=
kb
2
[
(Tx − Ty)2
TxTy
]
(20)
Obviously, the entropy S(s) remains unchanged in the
case of temperature equilibrium while increasing during
temperature balancing. We may regard Eq.(20) as a
particular manifestation of Boltzmann’s H-theorem [71].
The basis for the dynamics behaviour of the entropy is
the relation between the acceptance, the beam tempera-
ture and the envelope. Within the beam, heat exchange
between the degrees of freedom may occur, leading to
an entropy growth as described by Eq.(20). We con-
clude that equipartitioning effects occurring within ini-
tially thermally unbalanced charged particle beams are
always associated with an irreversible degradation of the
beam quality as a whole. Beam transport without an
increase of entropy are thus possible if either the beam
stays round throughout its propagation. The entropy
concept was first applied to beam, and its relationship to
rms emittance was explored by Lawson, Lapostolle and
Gluckstern [72]. In 1991, the maximum-entropy hypoth-
esis was used to calculate the characteristic of the final
distribution for a high-intensity expanding beam in free
space [73].
We launch the beam with m = 1, rj0 = 0.43616 and
aj0 = 0, 22360, consequently Tj0 = 0.26282 initially, and
integrate the entropy equation (20) up to s = 200.0. The
corresponding evolution of the temperature Tj is used
in Eq.(20). To the evolution of the temperature Tj the
corresponding evolution of the rms-acceptance (11) and
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(12), and the rms-envelope (4) are used. To the Lya-
punov function dynamics the corresponding evolution of
the rms-acceptance (7) and (8) and the rms-envelope (4)
are used. The dynamics of the entropy S (bottom), tem-
perature Teq (top) and Lyapunov function L (top) are
shown in Fig. 9.
-0.05
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
 0.4
 0.45
 0  20  40  60  80  100  120  140  160  180  200
T,
L
s
T
L
 0
 0.02
 0.04
 0.06
 0.08
 0.1
 0.12
 0.14
 0.16
 0.18
 0  20  40  60  80  100  120  140  160  180  200
S
s
FIG. 9: Evolutions of the temperature Teq (top), Lyapunov
function L (top) and entropy S (bottom) obtained of the
equations (19), (6) and (20), respectively. Teq (top) and
S (bottom) are represented by red lines and L (top) is repre-
sented by blue line.
In the case without correlation between particle posi-
tion and transverse momentum the Lyapunov function L
is a monotonically decreasing function with respect to s
for solutions a˜j (because we have
dL(a˜j)
ds ≤ 0) as shown in
Fig. 9; the fixed points a˜x0 = 0 and a˜y0 = 0 correspond
to extrema of L (i.e. we have
da˜j(s)
ds = 0 ⇔
dL(a˜j)
da˜j
= 0)
and as L is bounded then from the two aforementioned
properties it follows that L becomes stationary in the
limit s→∞. The stationarity of the Lyapunov function
L implies the stationarity of the ions beam.
In the case with correlation between particle position
and transverse momentum the temperature Teq oscillates
after steady with small fluctuations and entropy S grows
by cascades as shown in Fig. 9. By analogy with com-
pression and expansion of a gas, the beam temperatute
Teq heats up during compression and cools during expan-
sion. The concept of entropy cascade is the key agent in
the heating and relaxation of the beam [76].The phys-
ical process by which this relaxation occur is the wave-
particle interaction rather than the familiar Coulomb col-
lisions: the reservoir of free energy, represented by the
Tx/Ty > 1 or Tx/Ty < 1 states, pump energy into ini-
tially small microscopic fluctuations in the system and
lead to the build up of a significant level of electromag-
netic anisotropic fields. This is done initially in the tem-
perature Teq which therefore decreases in time. As a
non-linear feedback effect, the waves heat the particles
of the system. The feedback effect of the waves on the
particles results in a final state in which particles and
fields are in a quasi-stationary state [77, 78]. Qualita-
tively, the collisionless relaxation is driven by the fluc-
tuations of the field, itself induced by the fluctuations
of distribution function. The fluctuations of the electro-
magnetic fields are able to redistribute energy between
particles beam and provide an effective relaxation mech-
anism on a very short timescale. Physically, this colli-
sionless relaxation is interpreted as reflecting a resonant
coupling of particles with the wave of fields [68]. The
resulting “resonant phase mixing ”might be sufficiently
strong to explain violent relaxation. During violent re-
laxation, the beam tends to maximize the rate of entropy
production dSds while conserving the constraints imposed
by the dynamics. Moreover, as the system approaches
quasi-equilibrium, the fluctuations of the field are less
and less efficient.
Collisionless Landau damping of the electromagnetic
fluctuations leads to particle heating in the sense that
it transfers the electromagnetic fluctuation energy into
fluctuations of the particle distribution function, which
are then converted into heat by stochastic space-charge
forces [80]. The nonlinear collective forces have the same
effect as collisions in thermalizing a particle distribution.
The available energy is, however, not entirely thermal-
ized. Some of the energy will be converted to poten-
tial energy, due to the change in beam radius. Stochas-
tic space-charge forces are required to increase the en-
tropy. The entropy cascade is the way in which the
energy diverted from the electromagnetic fluctuations
by the collisionless damping (wave-particle interaction)
can be transferred to the stochastic space-charge forces
scales resulting in equipartitioning. Equipartitioning via
this anisotropic instabilities can properly be described in
terms of a thermalization of the beam in the sense of dif-
fusion [81, 82, 83]. The beam distribution never reaches
the true equilibrium distribution. Instead, two distinct
distributions are seen the majority of the beam is very
nearly in equilibrium, surrounded by a smaller density
beam halo. We define the halo as the nonthermal part of
the beam that consists of particles having oscillation am-
plitudes that are larger than the maximum of the beam
core.
We observe to have different regimes depending on the
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value of time scales. There is first a phase of violent relax-
ation on a time scale s = 50 leading to a quasi-stationary
state. This phase is followed by a thermalization leading
to the Teq stationary on a time scale s = 120 due to the
thermal bath (field waves) i.e., the combined effect of
imposed friction and diffusion [81, 82, 83], the diffusion
process are arising from the fluctuations of the self-fields
and the friction results from a polarization process; not
to collisions effects. The first phase is described by the
Vlasov-Poisson system with building blocks of the beam
core in phase space equipartitioning [62, 82] and the sec-
ond phase by the Lenard-Balescu-Poisson system [82, 83].
But there is a time-scale separation between the phase of
violent relaxation and the phase of thermal bath relax-
ation. We can consider for intermediate times s = 50
to s = 120 that the distribution function is a quasis-
tationary solution of the Vlasov equation of the form
f = f(E, t) that slowly evolves under the action of im-
posed friction and diffusion thermal bath, not collisions.
Therefore, the system first reaches a state of mechanical
equilibrium through violent relaxation , then a state of
thermal equilibrium through the effect of imposed fluctu-
ation and dissipation i.e., the thermal bath. The study
this dynamic will be considered in a future work.
The dynamics of particles described by these processes
has a complex phase space structure. The effectively ac-
cessible phase space of the beam can have a complicated
geometrical structure. Qualitatively, the accessible phase
space of the beam can be computed by volume and sur-
face area that the beam occupies in phase space. We
can then measure the volume and surface area of phase
space spanned by beam. A commonly employed measure
of volume is the root-mean-square geometric emittance
µ =
√
ǫxǫy and of the surface area is the sum of the
emittance σ = ǫx + ǫy [89]. To the parabolic beam of
the Sec. II the volume µ and surface area σ are calcu-
lated analytically using the emittance equation (5). The
surface area σ is given by :
σ =
1
90
√
15KA
[
(χ2 + 1)
(
5χ2 + 2χ+ 5
)
(1 + χ)
4
]1/2
(21)
and the volume µ is given by :
µ =
1
90
√
15KA
[(
5χ3 + 2χ2 + 5χ
)
(1 + χ)
4
]1/2
(22)
where K is the dimensionless perveance of the beam, A
is mismatched amplitude of the oscillatories modes beam
and χ = rx/ry is ratio of the envelope beam. The tem-
poral evolution of the volume µ and surface area σ of the
beam are shown in Fig. 10.
As shown in Fig. 10 the dynamics of µ and σ present
jumps. They are coupled because when the evolution of
the volume µ is maximum, the evolution of the surface
area η is a minimum and vice versa, -i.e. the particles
oscillate between the center and surface of the beam in
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FIG. 10: Evolution of the volume and surface area obtained
of the equations (21) and (22), respectively. µ and σ are
represented by red and blue lines, respectively.
real space X − Y and in the phase space, when the evo-
lution of the surface area is minimal, the particles are
distributed along the volume and when the evolution of
the surface area is maximum, the particles are distributed
on the surface gaining velocity.
In the Fig. (11) the volume µ and surface area σ vary
in function of χ. For χ < 1 µ increases and σ decreases.
At χ = 1 the surface area has the minimum value and the
volume has maximum value. For χ > 1 µ decreases and
σ increases. At χ ≈ 150 surface area and volume become
stationaries . Note that the surface area is always greater
than the volume in function of anisotropy variable χ.
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FIG. 11: Volume and surface area as a function of anisotropy
variable χ = rx/ry . σ and µ, versus χ are represented by red
and blue lines, respectively.
The volume µ and surface area σ are not constant in
function of the axial coordinate of the beam s. But
the ratio of oscillations energies in the x and y direc-
tions ξ remaines constant in function of the s as illus-
trated in the Fig. 6. The ξ-space is the relevant one
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to make the statistical mechanics of anisotropic beam.
Arguably, the only crucial point is the possibility of con-
structing time-independent solutions to the Vlavov equa-
tion which depend on quantities other than global iso-
lating integrals such as energy, so as to ensure that, if
initial data be evolved into the future along the charac-
teriztics associated with the self-consistent potential, the
form of initial distribution function f0 will remain un-
changed [62, 84].The key point is that, in principle, a self-
consistent equilibrium can be constructed from any set
of time-independent phase-space building blocks which,
when combined, generate the density distribution associ-
ated with an assumed time-independent potential.
As the surface area and volume become stationaries
in function of the anisotropy variable χ we can develop
an approach to modelling locally anisotropic kinetic pro-
cesses [97]. The generalization of kinetic equations to
anisotropics bams is not a trivial task. In order to con-
sider the anisotropic processes of a microscopic or macro-
scopic nature it is necessary to reformulate the kinetic
theory in anholonomic frames. The modelling of ki-
netic processes with respect to anholonomic frames is
very useful with the aim of elucidating flows of fluids
of particles not being in local equilibrium. The deduc-
tion of the equation for one-particle distribution function
in anisotropics phase-space will be considered in a future
work.
IV. CONCLUSIONS
We examined the transition from isotropic to
anisotropic beam profiles in a linear focusing channel.
We considered a high-intensity ion beam in space-charge
dominated regime and large mismatched beam size-rms
initial and we observed a fast anisotropy situation of
the beam characterized for a transition by the transver-
sal section from round to elliptical with the coupling of
transversal emittance.
The coupled motion between the two tranverse coordi-
nates of a particles beam is arising from the space-charge
forces. A beam with nonuniform charge distribution al-
ways gives rise to coupled motion. However, it is only
when the ratio rx/ry = 1 and large beam size-rms mis-
matched that the coupling produces an observable effect
in the beam as a whole. This effect arises from both a
beating in amplitude between the two coordinate direc-
tions for the single-particle motion and from the core-core
resonances, resulting in growth and transfer of emittance
from one phase plane to another, in the beam developing
an elliptical shape along directions preferential and there-
fore in the fast transition from isotropic to anisotropic
beam profiles.
Nonlinear space-charge forces lead to equipartition-
ing of energy between degrees of freedom. In space-
charge dominated beams, Coulomb collisions are infre-
quent to account for the energy transfer, whereas space
charge waves have been shown to be a possible cou-
pling canditate [26, 27, 36]. The equipartitioning of
anisotropic beam involves nonlinear energy transfer and
evolution towards a metaequilibrium state, as conse-
quence of resonant phase mixing [45, 60, 61]. We used
FFTW (The Fastest Fourier Transform in the West) in
order to compute frequencies numerically. The breath-
ing mode frequency is given by ωXs = 2.01334 and the
quadrupole mode frequency is ωXa = 2.01334. Both
modes have the same frequency, therefore breathing
mode and quadrupole mode are resonants. This core-
core resonance are making the beam to develop an el-
liptical shape with a increase in its size along the x-
direction [15]. We computed numerically the frequencies
ωx and ωy of 2500 test particles. These 2500 test par-
ticles have ωx = 1.05461 and 2455 test particles have
ωy = 1.05461. Thus 2455 test particles obey resonance
condition ωx−ωy = 0. This number large of test particles
in resonance causes emittance coupling. As shown in the
histogram in Fig. 4, 45 test particles have ωy = 1.00667
. The particle-core (2:1) resonances are present in both
quadrupole and breathing mode of the core oscillation,
but only in y-direction of the test particles [21]. Thus,
halo is formed along y-direction. The anisotropy leading
to coupling resonance [17, 18] in the presence of nonlin-
ear space-charge forces was suggested as an approach to
the equipartitioning question [26, 27, 31, 36].
The equipartition of the beam is driven for anisotropic
processes. Based on turbulent equipartiton [85] we pro-
pose the anisotropic equipartition. Anisotropic equipar-
tition corresponds to a phase space density uniform on
the surface invariant of the (ξ = (ryǫx)
2/(rxǫy)
2), where
ξ is the ratio of oscillations energies in the x and y di-
rections, a version of the ergodic hypothesis where the ξ
invariant play the role of the conserved energy [62]. In
the state of anisotropic equipartition, the temperature is
stationary, the entropy grows in the cascade form, there
is a coupling of transversal emittance, the beam develops
an elliptical shape with a increase in its size along one
direction and there is halo formation along one direction
preferential.
In order to understand the kinetic and dynamical be-
havior of an anisotropic beams, in particular, to study
mechanisms of equipartition connected with phase space,
we compute the variables (volume, area of surface, area
projected, temperature, heat flux and beam entropy)
which characterize the anisotropic beam in phase space.
We observed transverse phase planes coupling in x − x′
and y − y′ area projected defined by ax and ay. This
coupling is characterized by the energy exchange between
the directions. Energy/acceptance exchange requires res-
onant coupling. Energy/acceptance flow is due to the
correlation jj
′
between the velocity and the position of
the particle in regions where the beam size contracts or
expands. When the beam radius expands, the flow com-
ponent has an outward direction and the thermal com-
ponent decreases, when the beam radius contracts, the
flow component is inward and the thermal component
increases. The propagation of the beam is thus charac-
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terized by the variation in the envelope beam which cor-
relates with the generation of the heat flow and the vari-
ation of the beam temperature. The elementary mech-
anism responsible for the heat transfer from one degree
of freedom to another is constituted by the effect of in-
teractions between the individual particles and waves of
collective fields [59].
The temperature Teq oscillates after steady with small
fluctuations and entropy S grows by cascades as shown in
Fig. 9. We observe to have different regimes depending on
the value of time scales. There is first a phase of violent
relaxation leading to a quasi-stationary state. This phase
is followed by a thermalization leading to the Teq station-
ary due to the thermal bath (field waves) i.e., the com-
bined effect of imposed friction and diffusion [81, 82, 83],
the diffusion process are arising from the fluctuations of
the self-fields and the friction results from a polariza-
tion process; not to collisions effects. The particles dy-
namic described by these processes has a complex phase
space structure. The effectively accessible phase space
of the beam have a complicated geometrical structure.
We showed that the dynamics of the volume µ and the
surface σ are coupled. They are not constant in func-
tion of the axial coordinate of a beam s. But the surface
area and volume become stationaries in function of the
anisotropy variable χ.
This series of phenomena suggest an algorithm for fu-
ture research. First, to map the building blocks of the
beam core in the phase space that energy equipartition
of the beam. The dynamic is described as a trajectory
in the phase space. If the system has some integrals of
motion, the trajectory is confined in the subspace which
conserves the integrals. The system is defined as er-
godic if the time average of any dynamical quantity is
equal to the spatial average over the subspace. This sub-
space is referred to as the ergodic region. At the equi-
librium, energy is equally distributed to all degrees of
freedom, which is called equipartition. In particular, this
anisotropic beam has a quasi-stationary state that seems
to suggest the existence of additional integrals, which
conserves the anisotropy [62, 63]. The anisotropy lead to
the equipartition beam.
Second, to describe self-consistently, the interactions
between the individual particles and waves of collective
fields via hamiltonian formalism [59], these interactions
form the halo. The traditional description of the in-
teracting particles and fields rests on the coupled set
of Vlasov-Poisson equations. In the self-consistent ap-
proach to the wave-particle interaction complements this
usual treatment in that, to capture the physical mech-
anism at work, the beam is partitioned in two popula-
tions: core and tail. The idea behind this discrimination
is simple: wave-particle interaction involves the resonant
tail particles whose velocity is close to the phase velocity
of the wave under consideration. These waves are just
the collective macroscopic degrees of freedom, captur-
ing the oscillations of other nonresonant, core particles,
so that these core particles participate in the effective
wave-particle dynamics only through the waves.
Third, to analyze the halo-core interaction via ther-
mal bath, ie, the Fokker-Planck equation. The Lenard-
Balescu equation can be used to describe the evolution
of the halo particle in a bath of field particles (core) at
equilibrium. In that case, we have to consider that the
distribution of the bath is given, that is f(v, t) = f0(v)
where f0(v) is a stable stationary solution of the Vlasov
equation (bath distribution). This procedure transforms
the Lenard-Balescu equation into a Fokker-Planck equa-
tion for the density probability P (v, s) of finding the halo
particle with velocity v at time s. Chavanis [65] studied
the relaxation of a test particle in a bath of field particles.
Specifically, he considered a collection of N particles at
statistical equilibrium (thermal bath) and introduced a
new particle in the system. These results are well-known
when the system is spatially homogeneous and memory
effects can be neglected, as in the case of plasma physics.
Acknowledgments
Regrettably, my father Wilson Simeoni died on 15
November 2008. This paper stands as a tribute to his
myriad contributions to my life. The author would like to
thanks Conselho Nacional de Desenvolvimento Cient´ıfico
e Tecnolo´gico (CNPq), Brazil and PAC07 Local Organiz-
ing Committee (LOC), mainly, Tsuyoshi Tajima for the
financial support.
17
[1] R. Jameson, PAC93 Proceedings, IEEE 3926 (1993)
[2] J. Lagniel, Nucl.Instrum. Methods Phys.Res.Sect.A 345,
46 (1994).
[3] J. Lagniel, Nucl.Instrum. Methods Phys.Res.Sect.A 345,
405 (1994).
[4] R.L.Gluckstern, Phys.Rev.Lett.73, 1247 (1994)
[5] T.P.Wangler, K.R. Crandall, R.Ryne, T.S.Wang,
Phys.Rev. ST Accel. Beams 1, 084201 (1998).
[6] R.L.Gluckstern, W.H. Cheng and H.Ye
Phys.Rev.Lett.75, 2835 (1995)
[7] R.L.Gluckstern, W.H. Cheng, S. Kurennoy and H.Ye
Phys Rev E 54, 6788 (1996)
[8] Q. Qian and R.C. Davidson Phys Rev E 53, 5349 (1996)
[9] H. Okamoto and M. Ikegami Phys Rev E 55, 4694 (1997)
[10] M. Ikegami Phys Rev E 59, 2330 (1999)
[11] A.V Fedotov, I. Hofmann, R.L. Gluckstern and H.
Okamoto Phys.Rev. ST Accel. Beams 6, 094201 (2003).
[12] B.W.Montague, CERN-Report No. 68-38, CERN,
(1968).
[13] I.Hofmann, J.Qiang and R.Ryne, Phys Rev Lett. 86,
2313 (2001), I.Hofmann and Boine-Frankenheim, Phys
Rev Lett. 87, 034802 (2001), G.Franchetti, I.Hofmann
and D.Jeon, Phys Rev Lett. 88, 254802 (2002)
[14] G.Franchetti, I.Hofmann and M. Aslaninejad, Phys Rev
Lett. 94, 194801 (2005)
[15] I.Hofmann, Phys Rev E. 57, 4713 (1998).
[16] A.V. Fedotov, Nucl.Instrum. Methods Phys.Res.Sect.A
557, 216 (2006).
[17] I.Hofmann, IEEE Trans. Nucl. Sci. 28, 2399 (1981).
[18] I. Hofmann, G. Franchetti Phys.Rev. ST Accel. Beams
9, 054202 (2006).
[19] I. Hofmann, G. Franchetti and O. Boine-Frankenheim
Phys.Rev. ST Accel. Beams 6, 024202 (2003).
[20] M. Aslaninejad and I. Hofmann, Phys.Rev. ST Accel.
Beams 6, 124202 (2003).
[21] M.Ikegami, Nucl.Instrum. Methods Phys.Res.Sect.A
435, 284 (1999).
[22] W. Simeoni Jr., F.B. Rizzato and R. Pakter, Phys. Plas-
mas 13, 063104 (2006).
[23] W. Simeoni Jr., PAC07 Proceedings, 3892 (2007).
[24] R. Brinkmann, Y. Derbenev, and K. Flo¨ttmann,
Phys.Rev. ST Accel. Beams 4, 053501 (2001), M. Cor-
nacchia and P. Emma, Phys.Rev. ST Accel. Beams 5,
084001 (2002).
[25] H.J. Yu, L. Bai, Q. Weng, X. Luo, Chin.Phys.Lett. 25,
862 (2008)
[26] R.A. Kishek, P.G. O’Shea and M. Reiser, Phys.Rev.Lett.
85, 4514 (2000).
[27] R.A. Kishek, S. Bernal, P.G.O. Shea, M. Reiser and I.
Haber, Nucl.Instrum. Methods Phys.Res.Sect.A 464, 484
(2001).
[28] R.A. Kishek, C.L. Bohn, I. Haber, P.G.O. Shea, M.
Reiser and H.E. Kandrup, PAC01 Proceedings, IEEE 151
(2001).
[29] S.M. Lund, D.P. Grote and R.C. Davidson,
Nucl.Instrum. Methods Phys.Res.Sect.A 544, 472
(2005).
[30] I. Hofmann, G. Franchetti, J. Qiang and R.D. Ryne,
EPAC04 Proceedings, 1960 (2004).
[31] J.M. Lagniel, S. Nath, EPAC98 Proceedings, 1118
(1998).
[32] R.A. Jameson, IEEE Trans. Nucl. Sci. 28, 2408 (1981).
[33] R.A. Jameson and R. S. Mills, LANL report LA-UR-79-
2541 (1979).
[34] R.A. Jameson, LANL report LA-UR-81-3073 (1981).
[35] R.A. Jameson, LANL report LA-UR-99-129 (1999).
[36] T.P. Wangler, F.W. Guy and I. Hofmann, LINAC86 Pro-
ceedings, 340 (1986).
[37] L.M. Young, PAC97 Proceedings, 1920 (1997).
[38] S. Ohnuma and R.L. Gluckstern, IEEE Trans. Nucl. Sci.
32, 2261 (1985).
[39] F.J.Sacherer, IEEE Trans. Nucl. Sci.NS-18, 1105 (1971)
[40] P.M.Lapostolle, IEEE Trans. Nucl. Sci. NS-18, 1101
(1971)
[41] P.M.Lapostolle, CERN AR/Int. SG/65-27 (1965)
[42] P.M.Lapostolle, A.Lombardi, T.P.Wangler CERN/PS
93-11 (HI) (1993).
[43] F. Neri and G. Rangarajan, Phys.Rev.Lett. 64, 1073
(1990).
[44] A. Dragt, F. Neri and G. Rangarajan Phys Rev A 45,
2572 (1992)
[45] C.L. Bohn and I.V. Sideris, Phys.Rev. ST Accel. Beams
6, 034203 (2003).
[46] N. Piovella, A. Bourdier, P. Chaix and D. Iracane
EPAC94 Proceedings, 1186 (1994).
[47] I. Hofmann, PAC97 Proceedings, IEEE 1852 (1997)
[48] S. Strasburg and R.C. Davidson Phys Rev E. 61, 5753
(2000)
[49] R. Cappi and M. Giovannozzi Phys.Rev. ST Accel.
Beams 7, 024001 (2004).
[50] G. Franchetti, I. Hofmann, Nucl.Instrum. Methods
Phys.Res.Sect.A 561, 195 (2006).
[51] S.M. Lund and B. Bukh Phys.Rev. ST Accel. Beams 7,
024801 (2004).
[52] R.C.Davidson and H.Qin, Physics of Intense Charged
Particle Beams in High Energy Accelerators (World Sci-
entific, Singapore, 2001).
[53] M. Reiser, Theory and Design of Charged Particle Beams,
John Wiley and Sons, Inc. (New York, 1994).
[54] M.W. Hirsch and S. Smale, Differential Equations Dy-
namical System and Linear Algebra, Academic,(New
York, 1974).
[55] E.A. Startsev, R.C. Davidson and H. Qin, Phys. Plasmas
14, 056705 (2007)
[56] E.A. Startsev, R.C. Davidson and H. Qin, Phys.Rev. ST
Accel. Beams 8, 124201 (2005)
[57] http://www.fftw.org/
[58] M. Frigo and S. G. Johnson, Proceedings of the IEEE 93
(2), 216-231 (2005).
[59] Y. Elskens, Nucl.Instrum. Methods Phys.Res.Sect.A
561, 129 (2006).
[60] H.E. Kandrup, I.M. Vass and I.V. Sideris
Mon.Not.R.Astron.Soc. 341, 927 (2003).
[61] H.E. Kandrup and C. Siopis Mon.Not.R.Astron.Soc.
345, 745 (2003).
[62] H.E. Kandrup Mon.Not.R.Astron.Soc. 299, 1139 (1998).
[63] T. de Zeeuw and M. Franx, Annu. Rev. Astron. Astro-
phys. 29, 239 (1991).
[64] P.H Chavanis Physica A 387, 1504 (2008), P.H.Chavanis
Eur. Phys. J. B 52, 61 (2006).
[65] P.H Chavanis Physica A 377, 469 (2007)
[66] D. Lynden-Bell Mon.Not.R.Astron.Soc. 136, 101 (1967).
18
[67] A.Kull, R.A. Treumann and H.Bo¨hringer Astrophys. J.
484, 58 (1997).
[68] B.B. Kadomtsev, O.P. Pogutse, Phys. Rev. Lett. 25 1155
(1970).
[69] M.Seurer, P.-G.Reinhard and C.Toepffer, Nucl.Instrum.
Methods Phys.Res.Sect.A 351, 286 (1994).
[70] J. Struckmeier, Particle Accelerators 45, 229 (1994).
[71] S.Tremaine, M.He´non, D.Lynden-Bell,
Mon.Not.R.Astron.Soc. 219, 285 (1986).
[72] J.D. Lawson, P.M. Lapostolle, and R.L. Gluckstern, Par-
ticle Accelerators 5, 61 (1973).
[73] J.S.O’Connell, PAC91 Proceedings, IEEE 404 (1991)
[74] B. Gershgorin, Y.V. Lvov, D. Cai, Phys. Rev. E 75,
046603 (2007).
[75] V.E. Zakharov, V.S. Lvov, and G. Falkovich, Kolmogorov
Spectra of Turbulence (Springer-Verlag, Berlin, 1992).
[76] G.G.Howes, Phys. Plasmas 15, 055904 (2008)
[77] A.Antoniazzi, R.S.Johal, D.Fanelli, S.Ruffo,
Comm.Nonlin.Sci.Num.Simul. 13, 2 (2008).
[78] P.H Chavanis Physica A 365, 102 (2006)
[79] J. Struckmeier Phys Rev E. 54, 830 (1996).
[80] N.Brown and M.Reiser, Phys. Plasmas. 2, 965 (1995).
[81] C. L. Bohn and J. R. Delayen, Phys. Rev. E 50, 1516
1994.
[82] P.H Chavanis Physica A 361, 81 (2006).
[83] S.I. Tzenov, Fermilab-Pub-98/287, FERMILAB, (1998).
[84] V.V Yankov and J. Nycander Phys. Plasmas. 4, 2907
(1997).
[85] J. Nycander and V.V Yankov Physica Scripta T63, 174
(1996).
[86] E.G. Harris, Phys Rev Lett. 2, 34 (1959).
[87] E.S. Weibel, Phys Rev Lett. 2, 83 (1959).
[88] M.B. Isichenko, A.V. Gruzinov, P.H. Diamond and P.N.
Yushmanov Phys. Plasmas. 3, 1916 (1996).
[89] C.L.Bohn, G.T.Betzel, I.V.Sideris, Nucl.Instrum. Meth-
ods Phys.Res.Sect.A 561, 230 (2006).
[90] M.Weiss, CERN/MPS/LIN 73-2 (1973)
[91] K. Joh and J.A. Nolen, PAC93 Proceedings, IEEE 71
(1993)
[92] G. Franchetti and I. Hofmann, EPAC00 Proceedings,
1292 (2000).
[93] A.M. Lyapunov , Stability of Motion (Academic Press,
New York and London, 1966).
[94] T.D. Frank, Phys.Rev. ST Accel. Beams 9, 084401
(2006).
[95] T. Satogata, T. Chen, B. Cole, D. Finley, A. Gerasimov,
G. Goderre, M. Harrison, R. Johnson, I. Kourbanis, C.
Manz, N. Merminga, L. Michelotti, S. Peggs, F. Pilat,
S. Pruss, C. Saltmarsh, S. Saritepe, R. Talman, C.G.
Trahern, G. Tsironis, Phys.Rev.Lett.68, 1838 (1992)
[96] M. Pettini, Phys Rev E. 47, 828 (1993).
[97] S.I.Vacaru, Ann.Physics 290, 83 (2001).
